In order to model the dynamics of thin films of mixtures, solutions, and suspensions, a thermodynamically consistent formulation is needed such that various coexisting dissipative processes with cross couplings can be correctly described in the presence of capillarity, wettability, and mixing effects. In the present work, we apply Onsager's variational principle to the formulation of thin film hydrodynamics for binary fluid mixtures. We first derive the dynamic equations in two spatial dimensions, one along the substrate and the other normal to the substrate. Then, using long-wave asymptotics, we derive the thin film equations in one spatial dimension along the substrate. This enables us to establish the connection between the present variational approach and the gradient dynamics formulation for thin films. It is shown that for the mobility matrix in the gradient dynamics description, Onsager's reciprocal symmetry is automatically preserved by the variational derivation. Furthermore, using local hydrodynamic variables, our variational approach is capable of introducing diffusive dissipation beyond the limit of dilute solute. Supplemented with a Flory-Huggins-type mixing free energy, our variational approach leads to a thin film model that treats solvent and solute in a symmetric manner. Our approach can be further generalized to include more complicated free energy and additional dissipative processes.
Introduction
As free surface films of simple and complex liquids are ubiquitous entities in nature and technology, they are studied and applied in many fields of science and engineering. If these films are 'thin', i.e. there exists a disparity of the length scales along the free surface and perpendicular to it, one can take advantage of this disparity and model the physicochemical hydrodynamics of the films in a unified way, namely, employing a long-wave approximation (also called lubrication model or thin-film model) [1] . 5 www.uwethiele.de.
In particular, the behavior of simple liquids in this regime is interface-dominated, i.e. controlled by the effects of capillarity and wettability. This is well described by the various long-wave thin film evolution equations that account for the various physical settings that mostly involve single liquid layers [1] [2] [3] [4] . It is well known that these evolution equations can be written as a gradient dynamics governed by a free energy functional [4, 5] that is of a similar form as the interface Hamiltonian introduced in statistical physics in the context of wetting transitions [6] .
Recently, an increasing number of theoretical and experimental studies have focused on the dynamics of thin films of complex liquids [3, [7] [8] [9] , e.g. polymer solutions [10] [11] [12] [13] [14] , colloidal suspensions [14] [15] [16] [17] , mixtures (of simple liquids or of polymers) [7, [18] [19] [20] [21] [22] , liquids covered by surfactants at the liquid-air interface [23] [24] [25] [26] [27] , and even liquid films covered by self-propelled surfactants [28, 29] . Closely related systems are thin layered films consisting of non-miscible liquids [3, [30] [31] [32] [33] [34] . In these complex liquids, diffusive transport, phase separation, and phase transitions, which naturally arise from the coexistence of two or more components, participate in the film evolution and interact with and influence the effects of capillarity and wettability. Physically, this leads to the crosscoupling between the various transport processes involved in thin film hydrodynamics and, in consequence, intricate instabilities and nonlinear behaviors not found in the decoupled systems.
Steps toward a more unified description of such systems in the form of a gradient dynamics of a number of coupled fields with a conserved dynamics were presented in the past years. Thin-film models presented in a gradient dynamics form include models for the evolution of two-layer films [31, [35] [36] [37] , of films covered by an insoluble surfactant [27] and of films of non-surface active liquid mixtures, solutions, and suspensions [22, 38] . Compared to thin-film models in 'hydrodynamic formulation' where additional effects, e.g. concentration-dependent wettability, are often added in an ad hoc manner, the gradient dynamics corresponds to a 'thermodynamic formulation' that automatically ensures thermodynamic consistency. This consistency is inherent in the gradient dynamics formulation if correct conserved fields are chosen, and allows for straightforward generalizations through the introduction of more complicated free energy functionals. For instance, in the case of a nonvolatile film of a mixture, solution or suspension, the basic fields are the conserved film height and the conserved effective solute height fields [22] . Note that in the case of a thin film of a mixture, there exists an alternative gradient dynamics approach [18, 19] constructed based on the evolution of the conserved film height and the non-conserved height-averaged concentration field. The resulting model consists of integrodifferential equations where the integrals result from the use of constrained variations. The status of this model is still under discussion (see, e.g. the remarks in the final part of [9] ).
A further advantage of formulating the evolution equations as a general gradient dynamics is that one may readily adapt results obtained in the analysis of other kinetic equations for coupled conserved fields (e.g. [20, 35, 39] ), for coupled conserved and non-conserved fields (model C in the classification of [40] , analyzed in [41] ), and for a conserved field coupled to a field with a combined conserved and non-conserved dynamics [42, 43] . In such a way it has, for example, been shown that the coupling of fluctuations of different fields may always trigger new instabilities that do not occur when the fields are decoupled. For the case of a film of a mixture or a surfactant covered film, this implies that spinodal dewetting may be caused by the coupling of film height and concentration fluctuations.
In the following we focus entirely on the case of films of mixtures, solutions, and suspensions as treated in [22] .
Written in terms of the conserved fields, i.e. film thickness and effective solute layer thickness, the gradient dynamics expresses the corresponding fluxes in the linear response regime with a symmetric and positive definite mobility matrix. However, the mobility matrix is not derived from anything more basic or fundamental within the gradient dynamics description itself. In fact, it is determined from a comparison with previously known hydrodynamic long-wave models as limiting cases normally without ad hoc additions [22] . However, even if those models contained thermodynamic inconsistencies through ad hoc additions, their leading terms would still be correct and could be used for comparison. Since the hydrodynamic long-wave equations for mixtures were derived in the limit of a dilute solute (as evidenced by the explicit form taken by the diffusion term), the mobility matrix in the gradient dynamics description is inevitably only valid in the same limit. In particular, it has been shown that the gradient dynamics description can recover the long-wave limit [20] of model H [40] apart from a small difference in mobility. This indicates that the transport coefficients in model H itself might be oversimplified. It is therefore imperative to formulate a modeling approach that on the one hand can ensure thermodynamic consistency as in the gradient dynamics description, and on the other hand is able to describe the dissipative dynamics using local hydrodynamic variables that are more fundamental than those conserved fields in the gradient dynamics description. Such a modeling approach would open up the possibilities of introducing a diffusive dissipation beyond the limit of dilute solute, of deriving a more general mobility matrix for the long-wave gradient dynamics description and, in consequence, of arriving at a description where solvent and solute are treated in a symmetric mannera symmetry that may be broken later on by introducing molecules of different sizes, with different interactions with the substrate, etc.
The coexistence of different dissipative processes is commonly seen in soft matter with multiple components (e.g. solutions and mixtures) and/or internal degrees of freedom (liquid crystals) [44] . To describe coupled irreversible processes in the linear response regime, Onsager formulated a variational principle that is fundamental to macroscopic thermodynamics [45, 46] . This principle is based upon a general class of reciprocal relations and opens up a straightforward and unified way of deriving dynamic equations for soft matter [44, 47, 48] .
Based on Onsager's variational principle, the purpose of this work is to present a variational approach to the modeling of thin film hydrodynamics of binary mixtures. This is achieved by introducing a free energy functional that takes into account the effects of capillarity, wettability, and binary mixing, and a dissipation functional that takes into account viscous dissipation and diffusive dissipation. By writing both functionals in the long-wave limit, we directly derive the long-wave evolution equations for the conserved fields, i.e. film thickness and effective solute layer thickness, in the gradient dynamics form. Since the dissipation functional is expressed using local hydrodynamic variables, we are able to introduce a diffusive dissipation beyond the limit of dilute solute. Supplemented with a Flory-Huggins-type free energy functional [49] , this results in a gradient dynamics description with a more general mobility matrix. The advantage of our variational approach is reflected through the following. (i) The solute-solvent symmetry in binary mixtures, once introduced in the free energy functional (say, of Flory-Huggins type) and the dissipation functional, will inevitably be manifested in the final evolution equations. (ii) The Onsager reciprocal symmetry of the mobility matrix will always be preserved as long as the variational procedure is correctly followed, and thermodynamic consistency is therefore ensured. (iii) A proper linear transformation from one set to another set of conserved fields can be performed with the reciprocal symmetry preserved [50] . (iv) Formulated at a level that is more fundamental than the gradient dynamics, the present approach can be used for further generalization to include more coupled dissipative processes, e.g. to describe free surfaces covered by soluble or insoluble surfactants [27] .
The paper is organized as follows. In section 2, we present a brief review of Onsager's variational principle [44] [45] [46] [47] [48] . In section 3, there are two simple applications to demonstrate the basic physics and techniques for carrying out the present study. In section 4, we present a variational approach to thin film hydrodynamics of binary mixtures. We first derive the modeling equations in two spatial dimensions, one along the substrate and the other normal to the substrate. Then, using the asymptotic behavior of thin films, we derive the thin film equations in one spatial dimension along the substrate. The connection with the gradient dynamics description is also established. In section 5, we show how to construct a model for thin film hydrodynamics in a way symmetric with respect to solvent and solute. The paper is concluded in section 6 with a few remarks.
Onsager's variational principle
For a closed system, consider the fluctuations of a set of (coarse grained) variables α i (i = 1, · · ·, n) measured relative to their most probable (equilibrium) values. The entropy of the system S has a maximum S e at equilibrium so that S = S − S e can be written in the quadratic form
where the coefficient matrix β is symmetric and positive definite. The probability density at {α i } is given by
where k B is the Boltzmann constant. The thermodynamic force conjugate to α i is defined by
which is a linear combination of α j (j = 1, ···, n) not far from equilibrium.
In the linear response regime, the time evolution of the (macroscopic) state is described by the linear equations
in which the phenomenological kinetic coefficients L ij satisfy the reciprocal relations L ij = L ji , which can be derived from microscopic reversibility [45, 46] . Based on this reciprocal symmetry, Onsager formulated a variational principle governing the time evolution of the state. For isothermal systems with temperature being constant in space and time, Onsager's variational principle may be outlined as follows [44, 47, 48] . Let the rates of change of the variables α i (i = 1, · · ·, n) be denoted byα i . An action function (also called Rayleighian [48] ), hereafter denoted by A, can be constructed for minimization with respect toα i (i = 1, · · ·, n). There are two physically distinct parts in A which can be written as
where the first term on the right-hand side is called the dissipation function, hereafter denoted by , which is defined to be half the rate of free energy dissipation, and the second term is the rate of change of the free energy F = F (α 1 , ···, α n ), hereafter denoted byḞ . Note that is quadratic in the rates, with the friction coefficient matrix ζ being symmetric and positive definite. Minimizing A with respect toα i , we obtain 
Two simple applications of Onsager's variational principle
In this section, we go through two simple applications of Onsager's variational principle. The techniques involved in these applications are essential to a variational approach to the modeling of thin film hydrodynamics of binary mixtures, which is presented in section 4.
Thin film hydrodynamics of one-component liquids
Consider a thin film of a one-component simple liquid on a solid substrate [1, 3] . The model described below includes the capillarity associated with the liquid-gas interface, the wettability of the liquid on the solid surface, and the free energy dissipation due to shear viscosity. For simplicity, the film thickness profile h = h(x, t) is described in one spatial dimension (with h measured in the z direction, see figure 1 ). The free energy functional is given by where γ is the liquid-gas interfacial tension, [1+ [6] . The rate of change of the free energy is found to bė
where an integration by parts is involved and f (h) = df/dh.
Here the boundary terms are dropped as we will not touch the modeling of the three-phase contact line. The variation ofḞ with respect to the rate ∂ t h is of the form
The dissipation functional associated with the shear viscosity is given by
where η is the shear viscosity and u is the x component of fluid velocity v(x, z, t) = u(x, z, t)x + w(x, z, t)ẑ in the 2D xz space. Due to the slow variation of h with x, the rate of viscous dissipation is represented by η(∂ z u) 2 in the long-wave limit. The variation of v with respect to the rate u is of the form
in which the no-slip boundary condition u = 0 is used at the solid surface z = 0. To impose the incompressibility condition ∂ x u + ∂ z w = 0, there is one more term
to be included in Onsager's action A, with p being a local Lagrange multiplier which is physically the local pressure. The variation of C with respect to the rates u and w is of the form
where v n is the outward normal velocity at z = h, given by
From δḞ , δ v , and δC expressed above, we can obtain δA = δḞ + δ v + δC as a linear combination of δu, δw, and δ(∂ t h). Minimizing A with respect to ∂ t h leads to
which gives the pressure at z = h. Minimizing A with respect to u gives η∂
which describes the force balance in the tangential direction.
Minimizing A with respect to w gives
which describes the hydrostatic equilibrium in the vertical direction. Finally, minimizing A with respect to u at z = h gives
which is the boundary condition for the tangential stress at the free surface. Supplemented with the no-slip condition u = 0 at the solid surface, the above equations can be used to determine a parabolic profile for u(x, z, t) in the form
from which the flux J h = h 0 dz u is found to be
In the form of the conservation law ∂ t h = −∂ x J h for h, we obtain the thin film evolution equation
It is worth pointing out that in this approach, volume conservation is imposed via the incompressibility condition ∂ x u + ∂ z w = 0 and the conservation law for h in the form of ∂ t h = −∂ x J h , which can be derived from the flux definition J h = h 0 dz u, the incompressibility condition, and the kinematic boundary conditions w = 0 at the solid surface z = 0 and w = ∂ t h + u∂ x h at the free surface of the film z = h [1] . An important observation [4, 5] is that equation (15) can be brought into the form of the gradient dynamics for the conserved field h:
where h 3 /3η is the mobility coefficient and the variational derivative δF /δh is given by δF
Diffusion of dilute solute
Consider a binary fluid mixture in which one component is called the solvent and the other component is called the solute [44, 48] . It is assumed that the volumes of the pure solvent and the pure solute are additive. Let n max denote the maximum number density of solute particles in the pure solute and c denote the volume fraction of the solute in the binary mixture with 0 c 1. The number density of solute particles in the binary mixture is given by n max c. For simplicity, the model is still described in the 2D xz space, with c = c(x, z, t). Here we restrict our discussion to the dilute limit of c → 0. The free energy functional arising from the entropy of the solute distribution is
where g(c) is the free energy density and T is the temperature. The rate of change of the free energy is given bẏ
where the chemical potential µ c is defined by µ c = δF /δc = g and equals n max k B T log c. Using the conservation law for the diffusive transport of the solute, ∂ t c = −∇ · j, with j being the diffusive flux, we can expressḞ aṡ
in which an integration by parts is involved. The variation oḟ F with respect to the rate j is of the form
In the limit of dilute solute, the dissipation functional associated with the diffusive transport is given by
in which ζ is the friction/drag coefficient for the diffusive motion of a solute particle. This can be seen as follows. Physically, the rate of dissipation for one particle is ζ v 2 d , in which v d is the mean velocity. As n max c is the number density of solute particles, the density of the rate of dissipation is n max c(ζ v 2 d ). Furthermore, the diffusive flux j related to v d via j = cv d , implying that the density of the rate of dissipation is n max ζ j 2 /c, which leads to equation (21) for d . The variation of d with respect to the rate j is of the form
Employing δḞ and δ d expressed above and minimizing A =Ḟ + d with respect to j, we obtain the constitutive equation
As we consider the dilute limit here, it corresponds to Fick's law, i.e. the diffusion coefficient D is a constant independent of c, given by D = k B T /ζ according to the Einstein relation. It is worth emphasizing that j = −(k B T /ζ )∇c is derived with F and d both expressed in the limit of dilute solute. Note that in equation (23), −c∇µ c can be written as −∇ (c), where (c) is the osmotic pressure (c) = cg − g, given by cµ c −n max k B T c(log c −1) = n max k B T c [48] . As the chemical potential µ c is defined by the variational derivative δF /δc, the conservation law for c can be written as
in the gradient dynamics form, with c/n max ζ being the mobility coefficient.
Thin film hydrodynamics of binary mixtures
In this section, we present a variational approach to the modeling of thin film hydrodynamics of a binary mixture [1, 3, 22, 38] . To be consistent with the discussion above, we still call one component the solvent and the other the solute. We consider the 'simplest' mixture [44] by making the following assumptions. (i) The pure solvent and the pure solute have equal molecular volume and equal molecular mass.
(ii) The volumes of the pure solvent and the pure solute are additive. Under these two assumptions, we have the following: (a) The mass fraction is equivalent to the volume fraction. (b) The mixture is incompressible with a mass density that is constant in space and time. (c) The mass-averaged velocity is equivalent to the volume-averaged velocity.
Transport equations and conservation laws
Consider a thin film of a binary mixture on a solid substrate in the 2D xz space. Following section 3, we use h = h(x, t) to denote the film thickness profile, v(x, z, t) = u(x, z, t)x + w(x, z, t)ẑ to denote the velocity field, and c(x, z, t) to denote the volume fraction of the solute with 0 c 1. As the mass fraction and the volume fraction are equivalent, hereafter we call c the relative concentration. The mass density of the mixture ρ is a constant and the incompressibility condition for v is ∂ x u + ∂ z w = 0. The transport equation for c reads
where j x and j z are the two components of the diffusive flux j = j xx + j zẑ .
As to the kinematic boundary conditions, we have u = 0 and w = 0 at the solid surface z = 0, w = ∂ t h + u∂ x h at the free surface of the film z = h [1] , j z = 0 at z = 0, and j n = 0 at z = h. Here the subscript n denotes the outward normal component. Note that j n = 0 means j is locally tangent to the free surface, i.e.
The conservation law for h reads
where the flux J h is given by
. Note that equation (26) can be derived from the incompressibility condition and the kinematic boundary conditions for w at the solid surface z = 0 and the free surface of the film z = h [1] .
The effective solute layer thickness is locally defined by (x, t) = h(x,t) 0 dz c(x, z, t) [22] . The conservation law for reads
where the flux J is given by J (x, t) = h(x,t) 0 dz (uc + j x )(x, z, t). Note that equation (27) is consistent with the boundary conditions for v and j. If the variation of c along the z direction is negligibly small, i.e. c (x, z, t) φ(x, t), then equation (27) 
for (x, t) = h(x, t)φ(x, t) leads to
which is the balance equation for φ(x, t). It will be shown that c(x, z, t) φ(x, t) can be justified via a long-wave asymptotic expansion. Below φ is used only if c(x, z, t) is approximately independent of z.
A variational approach in two-dimensional space
The free energy is a functional of the film thickness profile h and the solute distribution c, given by
in which g(c) is the free energy density due to mixing and W (z, c) is the potential energy density due to long-range (van der Waals) liquid-solid interactions. It is noted that F [h, c] includes all the free energy contributions in equations (1) and (17) . The chemical potential, defined via µ c = δF /δc, is given by
which locally depends on z and c. The rate of change of F is found to bė
in which ∂ t c can be replaced with −u∂ x c − w∂ z c − ∂ x j x − ∂ z j z according to equation (25) . The variation ofḞ with respect to the rates ∂ t h, v, and j is of the form
in which an integration by parts, supplemented with the boundary conditions for j, is involved. This comes from
· j with j z = 0 at z = 0 and j n = 0 at z = h, and the corresponding variation with respect to j becomes dx h 0 dz (∇µ c ) · δj in equation (32) . The dissipation functional associated with viscous momentum transport and diffusive transport is given by
in which M(c) is the c-dependent mobility associated with diffusion. The variation of with respect to the rates u and j is of the form
The incompressibility condition ∂ x u+∂ z w = 0 is to be imposed by adding C, already expressed in equation (6), into Onsager's action A. The local Lagrange multiplier p in C acts as the local pressure. The variation of C with respect to the rate v is given by equation (8) . Note that in the above derivation, the limits 0 and h in the z-integrals are explicitly written down if necessary for the performed integration by parts. Using the expressions for δḞ , δ , and δC, we obtain the variation of Onsager's action δA = δḞ + δ + δC as a linear combination of δu, δw, δj, and δ(∂ t h). Minimizing A with respect to ∂ t h, we have (35) for the pressure at z = h. Minimizing A with respect to u, we have µ c ∂ x c + η∂
for the force balance in the tangential direction. Minimizing A with respect to w, we have
for the hydrostatic equilibrium in the vertical direction.
Minimizing A with respect to u at z = h, we have
for the tangential stress at the free surface. Finally, minimizing A with respect to j, we have
for the diffusive flux.
To proceed toward a long-wave theory, we note that the liquid-solid interaction energy density W (z, c) is related to the wetting energy (per unit area) f through
in which φ represents the z-independent value of c in W (z, c).
is satisfied, a point to be elaborated below. Based on equation (40), an approximation for W can be introduced, and the hydrodynamics governed by equations (35)- (37) and (39) can be formulated as a long-wave theory in one spatial dimension.
Long-wave asymptotics for thin films
The liquid-solid interaction energy density W = W (z, c) explicitly depends on z through the first argument z and implicitly depends on z through the second argument c = c(x, z). If it is assumed that c does not vary with
whose z-integral defines f (h, φ) according to equation (40) . Furthermore, W (z, φ) can be approximated by its average over the film thickness h
This removes the explicit dependence on z from W , which is now given by W =W (h, φ) with h = h(x) and φ = φ(x), and therefore paves the way for a variational approach in terms of fields that are defined in one spatial dimension (x). Note that the approximation of W (z, φ) byW (h, φ) is to be applied away from the free surface z = h. At the free surface, W | z=h = W (h, φ) is given by ∂ h f (h, φ) according to equation (40) . Typically, the wetting energy f (h, φ) is not simply proportional to h [22] , and consequently
In order to justify the assumption of c(x, z) = φ(x) and the subsequent introduction of f (h, φ), we need to study the long-wave asymptotics for thin films. We show that if the explicit dependence on z is removed from W (z, c), then the long-wave asymptotics leads to c(x, z) = φ(x), which in turn leads to the introduction of f (h, φ) via equation (40) . With the explicit dependence on z removed from W (z, c) and c(x, z) given by φ(x), W becomes represented byW (h, φ) defined in equation (41) . Here we point out that f (h, φ) andW (h, φ) are both quantities suitable for a description in 1D space. This means the basic approximation made is that the explicit dependence on z is removed from W (z, c) . Starting from this approximation, below we present the long-wave asymptotics.
With the explicit dependence on z removed from W (z, c), the chemical potential µ c defined in equation (30) 
In the long-wave limit of thin film hydrodynamics, the characteristic or mean film thickness H is much smaller than the length scale L for variations in the x direction, i.e. = H/L 1. It is natural to scale x by L and z by H = L with the scaled coordinates given byx = x/L andz = z/ L. Then, ∂/∂x and ∂/∂z are both O (1) . If the characteristic (tangential) velocity of the problem is U , then the dimensionless velocity in the x direction isū = u/U and the dimensionless velocity in the z direction isw = w/ U , with the incompressibility condition given by ∂ū/∂x + ∂w/∂z = 0, which implies thatū andw are both O (1) . The time t is to be scaled by L/U with the dimensionless time given byt = Ut/L. Usingx,z,ū,w, andt, we can rewrite equation (42) as
with the dimensionless parameterD given byD = D/U L. For = H/L 1, it is expected that the variation of c(x, z, t) is negligibly small along the z direction. This can be justified as follows. Let's write c(x, z, t) as
with φ(x, t) being a constant in the z direction, and writē u(x, z, t) as
withū h (x, t) defined asū h (x, t) = J h (x, t)/ hU . Substituting equations (44) and (45) into equation (43), we have
which include O(1) terms and O( 2 ) terms. To the leading order, we have
formed by all the O(1) terms.
Rewritten in the original dimensional variables with u h (x, t) = J h (x, t)/ h, equation (47) becomes
which can be divided into two equations:
and
It is interesting to note that equation (49) can be derived by substituting j x = −D∂ x φ into equation (28) (50) 
for c(x, z, t) φ(x, t). It is also interesting to note that the
h 0 dz · · · integral of equation
A variational approach in 1D space

Based on the asymptotic expansion c(x, z, t) = φ(x, t) + 2 θ(x, z, t), the thin film equations for h(x, t) and φ(x, t) can be formulated in one spatial dimension.
We start from the free energy. The c-dependent part, represented by the second term in the right-hand side of equation (29) , becomes dx [hg(φ) + f (h, φ)], and the total free energy is a functional of h and φ, given by
The chemical potential, now defined via µ φ = h −1 δF /δφ, is given by
The rate of change of F [h, φ] can be written aṡ
in which ∂ t φ can be replaced with −h (28) . Here J x is the z-integrated tangential diffusive flux, defined by J x = h 0 dz j x . The variation ofḞ with respect to the rates ∂ t h, u, and J x is of the form
It will be shown that the only dependence (of u) on z can be explicitly obtained.
According to the asymptotic expansion c(x, z, t)
Note that this is consistent with the boundary condition j z = (∂ x h)j x at the free surface (with ∂ x h ∼ ). Substituting J x = hj x and j z = 0 into equation (33), we have the dissipation functional
The variation of with respect to the rates u and J x is of the form
The incompressibility condition ∂ x u + ∂ z w = 0 is still to be imposed by adding C into Onsager's action A. The expressions for C and its variation are given by equations (6) and (8) .
The governing equations for thin film evolution can be obtained by minimizing Onsager's action A =Ḟ + + C with respect to all the involved rates. Minimizing A with respect to ∂ t h, we have
for the pressure at z = h. Minimizing A with respect to u, we have
for the hydrostatic equilibrium in the vertical direction. Minimizing A with respect to u at z = h, we have
for the tangential stress at the free surface. Finally, minimizing A with respect to J x , we have
for the integrated tangential diffusive flux. It is noted that p(x, z, t) is a constant in the z direction, and therefore a parabolic profile for u(x, z, t) can be obtained from equations (58) (60) in the form
from which the flux J h is found to be
Using ∂ φ g∂ x φ = ∂ x g, we have
for the flux associated with the conserved field h. Substituting equation (52) into (61), we have
The flux associated with the conserved field = h 0 dz c, given by J = h 0 dz (uc + j x ), now takes the form of J = J h φ + J x for c(x, z, t) = φ(x, t) and can be readily written down. Given the explicit expressions for J h and J , the thin film equations for h(x, t) and (x, t) = h(x, t)φ(x, t) are obtained from the conservation laws in equations (26) and (27) . Finally, we would like to point out that our variational derivation of the thin film equations can be readily generalized to two spatial dimensions.
Gradient dynamics
It is straightforward to derive the gradient dynamics description [22, 38] from the above variational approach. The rate of free energy dissipation can be expressed in terms of the conserved fields h and aṡ
Using the conservation laws (26) and (27) for h and , respectively, followed by integration by parts, we obtaiṅ
in which J h and J are the rates or fluxes induced by the forces ∂ x (δF /δh) and ∂ x (δF /δ ). These two forces vanish at equilibrium because h and are conserved fields and therefore δF /δh and δF /δ must be homogeneous in equilibrium.
Introducing the mobility matrix Q in the linear response regime, we have
which lead to the coupled evolution equations
It follows thatḞ can be written aṡ
The matrix Q must be positive definite according to the second law of thermodynamics. Furthermore, since the model is derived using Onsager's variational principle, Q must satisfy the reciprocal symmetry: Q h = Q h . We are ready to give the explicit expressions for all the entries of Q. With φ replaced by / h in equation (51) for F , we have
It follows that J h in equation (64) can be expressed as
which gives Q hh = h 3 /3η and Q h = h 2 /3η. From J = J h φ + J x and equation (65) for J x , we obtain
which gives Q h = h 2 /3η and Q = h 2 /3η + hM. It is readily seen that the reciprocal relation Q h = Q h is satisfied.
Finally, we would like to point out that with chosen as a conserved field, the corresponding flux J = J h φ + J x combines the contributions of both convection (J h ) and diffusion (J x ). This combination is an acceptable transformation [50] and results in a non-diagonal matrix Q −1 in equation (71), whereḞ is quadratic in the fluxes J h and J . It is interesting to note that the off-diagonal entries Q h and Q h are nonzero even if diffusion is absent (M = 0). This means that here the cross-coupling is not of dynamic origin (as the dissipation functional (33) or (55) does not couple the fluid mixture velocity and the diffusive flux) but rather arises from the choice of as a conserved field whose corresponding flux J contains contributions from both convection and diffusion.
Toward a symmetric formulation
A thin film model for a non-surface-active mixture, which is valid in the entire concentration range and allows for a consistent inclusion of evaporation, is best constructed in a symmetric way with respect to solvent and solute. In order to do so, we introduce the effective layer thicknesses ψ 1 for the solvent and ψ 2 for the solute whose sum gives the film height h = ψ 1 + ψ 2 . The final gradient dynamics can be expressed as evolution equations for ψ 1 and ψ 2 , or as evolution equations for h and one of the ψ i . Other choices are possible as well. In addition, the mass densities are denoted by ρ i for i = 1, 2 as above, while the height-averaged concentrations are φ i = ψ i /h with φ 1 + φ 2 = 1.
Bulk transport equations and diffusive flux
Let us start from the continuity equations of the two miscible components, with the solvent labeled by the subscript '1' and the solute labeled by the subscript '2'. They read
in which v i (i = 1, 2) is the velocity of a particular species. The mass density ρ and velocity v of the solution are defined by ρ = ρ 1 + ρ 2 and ρv = ρ 1 v 1 + ρ 2 v 2 . Physically, v is the mass-averaged velocity which is a field variable that enters into the hydrodynamic momentum equation. The local relative concentration of the solute is defined by c = ρ 2 /ρ and that of the solvent is given by 1 − c. It follows that v equals
Adding equations (76) and (77) gives the continuity equation
for ρ. For the simplest mixture considered here, ρ is constant in space and time, and consequently v satisfies the incompressibility condition ∇·v = 0. Defining
to measure diffusion, we have j 1 + j 2 = 0, meaning that diffusion can be measured by j 2 (or j 1 ) alone. We emphasize that the diffusion discussed here is defined relative to the motion of the center of mass of a fluid element. For mixtures diffusing on a substrate, diffusion may also be defined with respect to the substrate or to a resting background medium as often done in dynamical density functional theory [43] . How the gradient dynamics formulations resulting from the two distinct choices are related will be briefly discussed in section 5.4. Rewriting equation (77) as
and using ρ = const. and ∇ · v = 0, we obtain ∂c ∂t
in which j is the diffusive flux associated with c, defined by j = j 2 /ρ. We note that j may be expressed either as
, which reveals its physical nature.
Dissipation functional
, a dissipation functional can be constructed to describe the diffusive transport in a way that is symmetric with respect to solvent and solute. A solution consists of two interpenetrating components whose relative motion generates diffusion. In the regime of linear response, the rate of dissipation is quadratic in the relative velocity v 2 − v 1 between the two components. In order to propose an expression for the density of the rate of dissipation, we need to measure the number of frictional contacts between the two components. Neglecting any shortrange order, this number is proportional to c(1 − c), which is the probability for forming a solute-solvent pair at a particular spatial point. Therefore, the density of the rate of dissipation is proportional to c(1 − c)(v 2 − v 1 ) 2 . In the limit of dilute solute (c → 0), this density should take the form of n max cζ(v 2 −v 1 ) 2 , in which n max is the particle number density of the solution, n max c is that of the solute, and ζ is the drag coefficient of a solute particle (see section 3.2). In the other limit (1 − c → 0), the density of the rate of dissipation should take the form of n max (1 − c)ζ(v 2 − v 1 ) 2 , in which the same drag coefficient is used for a solvent particle surrounded by the solute. Here the similarity in molecular sizes between solvent and solute is assumed. Based on the above observations, it is natural to adopt n max c(1
2 as the simplest expression for the density of the rate of dissipation, which is symmetric with respect to c = 1/2 in the entire range of c.
By definition, the dissipation functional is half the rate of free energy dissipation. Expressed in terms of the diffusive flux j, the dissipation functional associated with diffusion takes the form of
which is symmetric with respect to the relative concentrations of solvent and solute. It can be readily used for the diffusive part of in equations (33) and (55), with
To achieve a symmetric formulation for thin film hydrodynamics, the free energy functional also needs to be symmetric. This can be realized by using the Flory-Huggins free energy of mixing for g(c) [44, 49] :
which enters into the expression for F [h, c] in equation (29) (and subsequently the expression for F [h, φ] in equation (51)). Physically, it is understood that a symmetric formulation is possible only if the similarity in molecular sizes between solvent and solute is assumed, an assumption made for both the diffusive dissipation functional sym d and the symmetric free energy density of mixing g(c). Note, however, that once a consistent symmetric formulation is established, asymmetries between the components may be re-introduced in a controlled manner.
With the help of equations (81) and (83), thin film hydrodynamics can be formulated for concentrated solutions following the variational approach presented in section 4. It is physically expected that high concentration will lead to nonlinear diffusion and strong coupling between flow and diffusion, both of which have been incorporated in the present formulation.
Finally, we would like to point out that our variational approach is developed to derive the local dynamics expressed in terms of fluid velocity and solute concentration. Starting from the local dynamic equations, the gradient dynamics expressed in terms of conserved fields can be formulated in a straightforward way, as demonstrated in section 4.5. Based on the results in sections 4.5 and 5.2, in the next section we give a complete symmetric formulation for the gradient dynamics of a film of a mixture.
Symmetric gradient dynamics model for mixture films
5.3.1. Free energy. The free energy functional is of the form given in equation (51) . The local bulk free energy density g is of the Flory-Huggins type as expressed in equation (83), i.e. it consists of the two entropic terms
responsible for the diffusion of solvent and solute, and the interaction term
The maximum number density is chosen to be identical for solvent and solute. Written in the conserved fields, i.e. the solvent height ψ 1 and the solute height ψ 2 , one has
Introducing the g of equation (87) into equation (51), we obtain for the free energy functional in terms of ψ 1 and ψ 2 the expression
where γ is the liquid-gas interfacial tension, and f (ψ 1 + ψ 2 ) is the wetting energy that is assumed to locally depend on h. The variational derivatives of F are δF
Here we assume f = f (ψ 1 + ψ 2 ) for the wetting energy, and hence
Purely diffusive case.
We can now construct the matrix of mobility functions (i.e. the mobility matrix) using the results derived in section 4.5. We start from the case of transport by diffusion only. This corresponds to the limit of infinite viscosity (η → ∞). According to equations (74) and (75), the mobility matrix defined through equation (68) is given by
which, in the limit of η → ∞, becomes
For the moment, the mobility M is kept general. The symmetric expression proposed in section 5.2 will be further incorporated below. As adopted in section 5, the solvent is labeled by the subscript '1' and the solute labeled by the subscript '2'. Through the relations ψ 1 = h − and ψ 2 = , we have the transformation from Q DIFF for h and into Q diff for ψ 1 and ψ 2 in the form of
where R = 1 −1 0 1 is defined by the transformation ψ 1 ψ 2 = R h , and superscript T indicates the transposed matrix. This leads to
The conservation laws for ψ 1 and ψ 2 can be written in matrix form as
where the mobility matrix Q diff is explicitly involved. From the structure of Q diff , we immediately have J ψ 1 + J ψ 2 = 0 for the fluxes J ψ 1 and J ψ 2 , which are defined through the conservation laws ∂ t ψ i + ∂ x J ψ i = 0 (for i = 1, 2). As a result, we have
This means that the time evolution of h is frozen because no flow can be activated for η → ∞. We would like to emphasize again that the diffusion discussed here is defined relative to the motion of the center of mass of a fluid element. Although the infinitely large viscosity freezes the motion of the center of mass and thus the time evolution of h, diffusion of the components still occurs in the binary mixture. Next we derive the purely diffusive fluxes J ψ 1 and J ψ 2 .
Using equation (93) for Q diff , we obtain
or in expanded form as
The basic symmetric formulation (108) may now be easily extended by including additional effects in the free energy functional
. Then evolution equations either in terms of ψ 1 and ψ 2 or in terms of h and can be readily obtained. Such additional effects could be (i) a concentrationdependent wetting energy f (ψ 1 , ψ 2 ) (which is no longer a function of only ψ 1 + ψ 2 ), (ii) a more complicated mixing free energy density g(φ 1 , φ 2 ) to replace the simple Flory-Huggins one, or (iii) gradient terms in the concentration fields. Note that phase-transition limited evaporation may be included by adding nonconserved terms proportional to δF /δψ i −µ To model coating processes, one may also add terms that account for driving forces, e.g. the influence of a moving substrate that is drawn out of a bath. Such extensions are discussed in more details in the context of previous gradient dynamics models with non-symmetric diffusive mobilities [22, 38, 51] .
Mobilities in other reference frames
In the above discussion, diffusion has been defined as occurring relative to the motion of the center of mass of a fluid element. Below we discuss how one may determine diffusive and convective mobilities when diffusion is defined as occurring relative to a resting substrate or background medium as often done in dynamical density functional theory (DDFT) [43] .
Our starting point is the symmetric formulation with diffusion defined relative to the center of mass motion (see section 5.3.2). We have the diffusive mobility matrix for the fields (ψ 1 , ψ 2 )
We note that
where the matrix on the right hand side is the diagonal matrix encountered, e.g. in DDFT where diffusion is defined with respect to the substrate. It is interesting to note that the second matrix on the left hand side may, up to a constant factor, be obtained from our convective mobility matrix in section 5.3.3 as Q conv /(ψ 1 + ψ 2 ) 2 (from equation (102)). Using ψ i = hφ i , we find it instructive to write the mobility from equations (110) and (102) as
A decomposition into the diffusive and convective mobilities with respect to a resting substrate gives
It is clearly seen that the first term in equation (113) corresponds to the diagonal mobility matrix employed in a DDFT for a layer of a binary nanoparticle-solvent mixture on a substrate [43] . There, however, no convective transport of the mixture with respect to the substrate is studied. The present discussion indicates that subtle issues arise when one tries to relate the results of studies that define diffusion with respect to the center of mass of a fluid element and those of studies that define diffusion with respect to the resting background.
Concluding remarks
In the present work we have employed Onsager's variational principle to first re-derive (i) the thin film (or long-wave) equation for a film of simple nonvolatile liquid on a smooth solid substrate and (ii) the standard diffusion equation. The concepts and procedures introduced in these two cases have then been applied to thin films of binary mixtures on solid surfaces. After deriving the evolution equations for film height and effective solute height in a general form, we have employed them to present a model that is symmetrically formulated with respect to solvent and solute, or more precisely, to the two components of the mixtures. Our derivations start from free energy functionals and dissipation functionals which are expressed using variables that are more fundamental than the effective thicknesses that finally appear in the thin film equations. This approach has allowed us to examine the assumption(s) and approximation(s) that are implicitly made and applied in the thin film description of binary mixtures on solid surfaces. This has also provided a general scheme that may now be employed for further generalizations of the presented models by introducing more physical components, in addition to the capillarity, wettability, and miscibility aspects encoded in the free energy functionals and the viscous and diffusive transport processes encoded in the dissipation functionals.
It has been shown that the variational approach presented here naturally leads to a gradient dynamics description on the level of the independent conserved fields, namely the effective film heights. This gradient dynamics description is itself of the form of kinetic equations of linear nonequilibrium thermodynamics with Onsager's reciprocal symmetry automatically satisfied by the mobility matrix. Note that the variational approach works properly only if fields are identified that can be varied independently. Therefore, for the presently studied film of binary mixture, the choice of height and height-averaged solute concentration is not advisable as it seems to result in kinetic equations that include constrained variations [18] , where neither it is obvious whether Onsager's reciprocal symmetry is satisfied, nor it is clear how the diffusion equation emerges in the dilute limit (see [9, 38] for further discussion on this point).
Equations of the form (69) have also been derived and studied for the dynamics of thin two-layer films [31, [35] [36] [37] and of thin films covered by a layer of insoluble surfactant [27] . In the latter case, it is important to employ the surfactant concentration projected onto the substrate plane as the second field and not the surfactant concentration on the free surface of the film as it can not be varied independently of the film height. For instance, in the case of [27] only the right choice of the second field results in the correct definition of the densitydependent surface tension and, consequently, the correct linear Marangoni effect in the limit of low surfactant concentration. It should be interesting to consider the case of the surfactant covered film within the here presented formalism to pursue extensions of existing models toward the incorporation of surface viscosity and elasticity.
The symmetric formulation of the kinetic long-wave equations for the film of two-component mixture is valid at arbitrary concentrations of the two components. This allows one to avoid certain problems that literature models encounter at high solute concentrations. For instance, if a solution or suspension with a volatile solvent shall be considered, the presented gradient dynamics equations for conserved fields have to be augmented by evaporation term(s). If the evaporation dynamics is limited by the phase transition (and not by the diffusion in the gas phase), one may add a nonconserved term proportional to δF /δh − µ gas , where µ gas is the chemical potential of the gas phase [4, 9] . In the present symmetric formulation, this term naturally contains an osmotic pressure contribution (φg − g) that results in an evaporation that ceases as φ → 1. Models in the gradient dynamics form for Langmuir-Blodgett transfer and dip-coating processes are reviewed in [51] . There the gradient dynamics equations for conserved fields (69) are augmented not only by terms accounting for evaporation but also by an advection term to model the transfer of material from a bath onto a moving plate. In this context, one should mention that there exist special cases in which systems permanently out of equilibrium may be modeled through adequate adaptations of gradient dynamics models that are, in general, relaxational. For instance, drops on an incline can be described by incorporating a proper longwave potential energy into the free energy functional.
Finally we mention that the gradient dynamics form offers a thermodynamic point of view onto long-wave hydrodynamic models that brings them into the context of dynamical density functional theories (DDFT) [52, 53] for layers of colloidal fluids because for two-component systems they are of a similar form [43, 54] . Based on the discussion of relations between the diffusive mobility matrices measured with respect to different reference frames as presented in section 5.4 and, in general, the formal similarity of DDFT and thin-film hydrodynamics, it might be possible and worthwhile to develop a more unified view onto these models. That might facilitate the development of models that are based on proper energy functionals as obtained from statistical physics and dissipation functionals combining the various channels of dissipation.
